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Only a finite number of Hadamard matrices of Williamson type are known 
so far; it has been conjectured that one such exists of any order 4t. An infInite 
family is constructed here, and as a corollary it is shown that an Hadamard 
matrix of order 6(q + 1) exists if q is a prime power = 1 (mod 4). 
In [7], Williamson considered the existence of Hadamard matrices of 
theformW=AxI-t-Bxi-l-Cxj+D xk,whereI,i,j,karethe 
4 x 4 matrices corresponding to the quaternion units in the right regular 
representation, and A, B, C, D are symmetric circulants with f 1 entries. 
It has been conjectured that an Hadamard matrix of this type might exist 
of every order 4t, at least for t odd. So far no infinite class, or even possibly 
infinite, class of Williamson matrices (i.e., of this type) has been exhibited. 
All known Williamson matrices are listed, up to equivalence, in [l] and [4]. 
It was shown in [2] (see also [4]) that, if a Williamson matrix of order 4t 
exists, then an Hadamard matrix of order 12t exists; also, in [6], it was 
shown that if t is odd then a Williamson matrix of order 4 * 29 exists for 
j 9 4. In this note we exhibit an infinite family of matrices of the 
Williamson type, and as a result of the theorem in [2] some new Hadamard 
matrices. 
It was shown in [6] that a matrix of Williamson type of order 4t cor- 
responds to an Hadamard matrix of order 2t whose entries are fl or fi, 
of the form: 
1 
x Y 
-Yy* x* 1 (1) 
where X, Y are symmetric circulants of order t. (Clearly, we could also 
change the signs of Y* and X*.) The correspondence arises from 
2X = A + B + i(A - B) = A(1 + i) + B(l - i) (2) 
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with Y the same function of C, D; A, B, C, D, are the real symmetric 
circulants in the Williamson form. Now it was shown in [4] that if q is a 
prime power the quadratic character matrix of order q + 1 (with zero 
main diagonal) can be realized as 
P = Ex(deth , ~41, (3) 
where x is the quadratic character and the xi are a set of two-dimensional 
vectors over GF(q), no two linearly dependent; also, if q = 1 (mod 4) this 
matrix can be put in the form 
P= [,” -,“I (4) 
with R, S symmetric circulants. The last can be seen directly as follows: we 
let S, be the two-dimensional Singer transformation in GF(q), correspond- 
ing to multiplication by a primitive element in GF(q2), 2t = q + 1, and 
let 
x. = 3 x Pi 0 2’ O<j<t-I, 
Xi = XoS;+4w) 
(5) 
7 t<j<2t-I, 
with x0 some fixed vector. Then xSit = gx with g a primitive element of 
GF(q). (As projective transformations both S22 and S24 are of order t; we 
use S24 to get the circulant form because Sit = g21, x(g2) = 1. Using S, 
or S22 produces other interesting forms of the matrix P. This construction 
is equivalent to the one in [4].) 
It is easy to verify that the matrix P defined by (5) has the form (4). 
P = P’, and since P + iI is a (complex) Hadamard matrix of order 22, we 
have the required matrix of order 2t of the form (1): X = iI + R, Y = S. 
THEOREM. If q is a prime power E 1 (mod 4), q + 1 = 2t, then there 
exists a Williamson matrix of order 4t; we have C = D, and A and B dyfer 
only on the main diagonal. 
The theorem summarizes the above construction. If A and B are nor- 
malized to agree on the main diagonal, they disagree in all the other terms. 
The fact that C = D pinpoints the matrices constructed above in the lists 
of [l] and [4]: we have W, = W, , thus W, = W, = 1 (where 
2W,=A+B+C-D,2W2=A+B-C+D). 
COROLLARY. Zf q is a prime power = 1 (mod 4) there exists an 
Hadamard matrix of order 6 (q + 1). 
This follows from the theorem of Baumert and Hall [2,4]. 
AN INFINITE CLASS OF WILLIAMSON MATRICES 321 
The theorem gives examples of Williamson matrices of orders 4t, 
t = 31, 37, 41, 45, 49, 51, 55... . These orders, except 37, are new for 
Williamson matrices; the example for 37 is new. The corollary gives 
examples of Hadamard matrices of orders 372, 612, 732, 1380, 1692, 
1740,2172,... some of which are new. 
The transformation (2) is interesting even when A and B have complex 
entries. 
LEMMA. Let A, B, X be related by (2). .Then 2XX* = AA* + BB* + 
i(AB* - BA*) and if the entries of A, B are fourth roots of 1, those of X 
are0, w, or w(1 + i), w4 = 1. 
Thus, if we let A, B be the matrices R, S in the Paley matrix, we get a 
circulant matrix X such that XX* = (t - 4) I, with t = order of A, B, 
x,, = (1 - i)/2, xlc4 = 1 for k # 0. For zlc = (1 + i) & , we get z,, = 1, 
Zk=w(l+i)fOr k#O, ~IZ~12=2n-1,~Zk~,+j=OfOrj#0. 
These equations can be used to show in certain cases, by the methods of 
[5], that there are no analogs of P (as in (3), with R, S symmetric circulants) 
when q = 2t - 1 is not a prime power; it seems likely this is true in 
general. 
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